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What is  isostaticity?

Å Isostatic systems are at the onset of mechanical rigidity

ÅCentral force system of particles in dimensions
ü total d.o.f.

ü# of constraints

ü# of soft modes

ÅLarge lattice, mean coordination 
ü# of constraints

ü Isostaticity: at bulk

ü# of soft modes per particle 

üSoft modes are associated with boundary
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Å S. Alexander, Physics reports 296, 65 (1998).
Å C. S. hΩIŜǊƴ, et al., Phys. Rev. E 68, 011306 (2003).
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What is interesting about  isostaticity?

ÅZero-modes are present because of insufficient coordination, 
rather than broken symmetry

ÅJamming
ïGranular packings

ïGlasses and the Boson peak

ï9ƳǳƭǎƛƻƴǎΣ ŦƻŀƳǎΣ ŎƻƭƭƻƛŘǎ Χ

ÅRigidity percolation

ÅNetworks of semi-flexible polymers

ÅApplications in engineering
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General question:
How rigidity emerges in isostatic systems?

ÅAdd more bonds ÅNegativepressure: stretch 

ÅAdd angle-dependent force

ÅThermal fluctuations
(+ excluded volume repulsion)
Å rubber

Å chemical gels



Current work: randomness and isostaticity

Å Interplay of randomness and extra coordination
ïEach NNN bond is present with

a given probability

ïFor large system, threshold for 
rigidity

ïHow does rigidity scale with ?   

ïWhat is new from randomness
ÅNonaffinedeformations

ÅScattering of phonons:  dissipation
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Motivation: jamming

ÅGranular materials and point J

ÅFrictionless soft spheres
ÅOne-sided repulsion
ÅAt T=0, conjugate-gradient energy-minimization
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Å A. J. Liu and S. R. Nagel, Nature 396N6706, 21 (1998).
Å C. S. hΩIŜǊƴ, et al., Phys. Rev. E 68, 011306 (2003).
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Point J is isostatic

ÅJammed solids at point J are isostatic
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Å A. J. Liu and S. R. Nagel, Nature 396N6706, 21 (1998).
Å C. S. hΩIŜǊƴ, et al., Phys. Rev. E 68, 011306 (2003).
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Jamming: scalings

f

ÅCoordination number:

ÅShear modulus:

ÅBulk modulus:

ÅPressure:

ÅCharacteristic frequency:
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Å C. S. hΩIŜǊƴ, et al., Phys. Rev. E 68, 011306 (2003).
Å L. E. Silbert, et al., Phys. Rev. Lett. 95, 098301 (2005).
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The characteristic frequency scale*w

ÅDOS for jammed solids

ÅHeuristic arguments by M. Wyart

*l

ÅCut a region of size 

Å# of bonds severed: 

Å# of extra bonds in the region:

ÅThe region has soft modes if

ÅIsostaticity length scale

ÅIsostaticity frequency scale 
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Å M. Wyart, et al., Phys. Rev. E 72, 051306 (2005).



Dimensional crossover at*w

ÅDOS for jammed solids Å DOS for continuous elastic media
Å1D or right at isostaticity
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Å Below the system behaves 2D, and above, like 1D/isostaticity.*w

Å Mao, Xu and Lubensky, manuscript in preparation (2009).
Å Souslov, Liu and Lubensky, manuscript in preparation (2009).



Our goal

ÅCan we systematically understand isostaticity using the tools 
in condensed matter physics?
ïLattice models

ïNaturally small parameter for perturbation 

ÅWhat is the role of disorder?
ïNonaffinedeformations

ïDamping of phonons

ïTransport properties --- thermal conductivity of glasses

zP D~



Our model

ÅSquare lattice and kagomelattice

ÅSpring constant of NN bonds
ÅSpring constant of NNN bonds
ÅProbability for each NNN bond to be present
ÅMap to effective medium periodic lattice with NNN 

bonds all present with
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Å Mao, Xu and Lubensky, manuscript in preparation (2009).



Elastic expansion for lattice models

ÅDisplacement field and potential energy
ï Reference state

ï Displacement

ï Potential energy of a bond 
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Elasticity of the effective medium

Åelastic free energy for square lattice

ïDynamical matrix

ïEigenvalues: 

ÅLandau theory: continuous elasticity

q

q

qq uuF G
G

GG
GG
ÖÖ= ä- D

2

1

ÅNN bonds
ÅNNN bonds

k
mk

mmm CCkC kkk ~~~ 441211 +

xyu

strain
tensor

soft modes

ö
ö

÷

õ

æ
æ

ç

å
=

yy

q

xy

q

xy

q

xx

q

q
DD

DD

GG

GG

GD

( )ljliijjiij uuuuu µµ+µ+µ=
2

1

x

quG
y

quG
2 modes



The characteristic frequency scale

ÅDispersion relation
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Longitudinal wave & characteristic length scale     *l

Isingmodel
Isostaticity

(longitudinal waves) 

Free energy

Correlationfunction

Characteristic length

above massive 2D

below massless/critical isostatic/1D
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How to relate to the extra coordination       ?

ÅScalingsin jamming

zD

ÅScalingssquare lattice
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ÅHow to relate them?
ü Simple guess
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Nearly isostatic random lattices

ÅSquare lattice with random additional NNN bonds

ÅSpring constant of NN bonds
ÅSpring constant of NNN bonds
ÅProbability for each NNN bond to be present
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Nearly isostatic random lattices

ÅSquare lattice with random additional NNN bonds

ÅLength scales in the nearly isostatic square lattice

ÅSpring constant of NN bonds
ÅSpring constant of NNN bonds
ÅProbability for each NNN bond to be present
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ÅCompare with the case of jamming:
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